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MOBIUS INVARIANT HILBERT SPACES OF HOLOMORPHIC
FUNCTIONS IN THE UNIT BALL OF C”

KEHE ZHU

ABSTRACT. We prove that there exists a unique Hilbert space of holomorphic
functions in the open unit ball of C" whose (semi-) inner product is invariant
under Mobius transformations.

1. INTRODUCTION

Let B, be the open unit ball in C" and Aut(B,) be the Mdbius group of
biholomorphic mappings from B, onto B,. Let H be a Hilbert space of
holomorphic functions in B, . In this paper, a Hilbert space will be a linear
space with a complete semi-inner product. Furthermore, we assume that H
contains all polynomials and the polynomials are dense in H . We say that H
is Mobius invariant if fog € H and || f o ¢|| = || f|| whenever f € H and
¢ € Aut(B,). The main result of the paper is the following

Theorem. There exists a unique Hilbert space of holomorphic functions in B,
which is Mdbius invariant.

When n = 1, the above result was established in [1]. The unique M&bius
invariant Hilbert space in this case is the Dirichlet space & consisting of holo-
morphic functions f in the open unit disc D of C such that

/|f )2 dA(z) < +00,

where dA is the (normalized) area measure on D. The (semi-) inner product
in & is given by

(f, g) = / £(2)8(2) dA(z).

We remark that the condition ||fog| = || f|| forall f€ H and ¢ € Aut(B,)
is equivalent to the condition (fo¢, gog) = (f, g) forall f, g € H and
9 € Aut(B,).

The organization of the paper is as follows: In the next section, we present
some preliminary results which will be needed for the proof of the main the-
orem. In §3, we prove the uniqueness of invariant (semi-) inner products. In
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84 we prove that the inner product obtained in the uniqueness proof is indeed
Mobius invariant. This will establish the existence. §§5 and 6 discuss other pos-
sible ways of describing the invariant inner product and the invariant Hilbert
space.

The author wishes to thank Don Marshall for useful discussions.

2. PRELIMINARY RESULTS

For any ordered n-tuple a = (a,, ..., a,) of nonnegative integers, we use
the following abbreviated notations:

ol =a, + - +a,,
ad=ao! - al,
Za_z(!l C!"

=z,
8|a|f__ alalf

az* 9z 0zpn’

where z = (z,,...,2,) € C" and f(z) is holomorphic in B, . Recall that the
inner product in C" is given by

n
k=1

We simply write

2 2
2l =Viz, D=l P+ 4z,

for any z in C".

Let %, be the group of unitary operators on the Hilbert space Cc". Itis
clear that %, is a subgroup of Aut(B,). In fact, Z, is the isotropy subgroup
of Aut(B,) at 0 when we consider the natural action of Aut(B,) on B, .
Therefore, for ¢ € Aut(B,), we have ¢ € Z, iff ¢(0)=0.

Forany a € B, , define ¢, € Aut(B,) as follows: If a =0, then ¢ (z) = -z.

If a #0, then
a-Pz—\/1-|a’P}z

9,(z)= = (7. a ;

where P, is the orthogonal projection from C" onto the complex line [a]
spanned in C" by a, Pal is the orthogonal projection to the orthogonal com-
pliment of [a] in C". It is easy to see that 9,00) = a, ¢,(a) =0, and
9,0 9,(z) = z. For these and other properties of ¢, ,see[6, 7, 4].

Given ¢ € Aut(B,), let a = (p_l(O) and U = ¢gog,, then U € Aut(B,) and
U(0) = ¢(9,(0)) = p(a) =0. Thus U is a unitary. Since ¢, is involutive, we
have ¢ = Uo ¢, . This shows that Aut(B,) is generated by %, and {g,:a€
B,}. The following lemma will be needed in the proof of the main theorem.
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Lemma 1. Aut(B,) is generated by %, and all ¢, with a=(r,0,...,0) and
0<r«l.
Proof. When a = (r, 0, ..., 0), we simply write ¢, = ¢,. Since Aut(B,) is
generated by %, and {¢,: a € B,}, it suffices to show that each ¢, (a € B,)
can be written as a product of unitaries and some ¢, (0<r<1).

Given a€ B, . If a =0, then ¢, is already a unitary. So we may assume
a # 0. We show that there are U, V € %, such that ¢, =J ?al V. Suppose

Ue€,,then UP,U" is a one-dimensional projection in C". Since
UP,U"(Ua) = UP,(a) =
UP,U" must be the projection onto the complex line [Ua]. Thus UP,U" =
P, . It follows that UP; U™ = P, and Up,U" = ¢, .
It is easy to see that there exists a unitary U € %, such that U(|a|, 0, ..., 0)
= a. The above argument now implies that ¢, = U 9, alU *, completing the
proof of Lemma 1. O

Note that by the definition of ¢, , we have

W)_(r_zl TS _wa)

- ,_ 9 sy
l1-rz, l-rz, l-rz,

forall ze B, and re[0, 1).

In this paper, we’ll be assuming that all Hilbert spaces of holomorphic func-
tions in B, contain the polynomials and the polynomials are dense in them.
It is natural to ask if this condition is always satisfied. For invariant function
spaces, we have

Lemma 2. Suppose H is a linear space of holomorphic functions in B, with a
complete semi-inner product which is invariant under Aut(B,). Then H con-
tains all the polynomials and the polynomials are dense in zt iff H contains a
nonconstant function and %, acts on H continuously.
Proof. The “only if” part will follow from our main result. The “if” part has a
proof similar to that of the one-dimensional case. See Proposition 2 in [2] and
Lemma 3in [8]). O
Remark. We will not need Lemma 2 in the proof of the main theorem.

Let dm, = dx dy,...dx,dy, be the Euclidean measure in C" = R™.
For any r > 0, the volume of any Euclidean ball in C" with radius r is

a"r*/n!. Let dV, = 2 dm, be the normalized volume measure on B, so

that [, dV,(z) = 1. When n = 1, we write d4 = dV,. Clearly, d4 =

%dx dy = %r drd@ in polar coordinates. The following lemma will be needed
in our later discussions.

Lemma 3. If n> 1 and f(z) = f(z,) only depends on z,, then
/ @V () =n [(1=12[" flz) datz,),

where D = B, is the open unit disc in C.
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n!
[ 1@ =5 [ s@am

!
= n_;:/f(zl)dxl dy[/ dxzdy2-~ dxn dyn
Iz, 24+ 4|z, P <1=|z,

Proof.

n—1
/f _lf)!l ) dx,dy,

- n/Du Iz >”“f<z,>@

=n [ (=15 fz)dA(z). o

3. THE UNIQUENESS

Suppose H is a Hilbert space of holomorphic functions in B, with (semi-)
inner product ( , ). Forany f, g € H, we write

=Zaaza, g(z)= Zbﬁzﬂ.
a B
Since the polynomials are dense in H , we have

= Zaal_?ﬂ(za, P
a’ﬂ

We compute the inner product (z*, P ) in this section under the assumption
that ( , ) be Mobius invariant, thatis, (fog,gop)=(f,8) if f,g€e H
and ¢ € Aut(B,). The main result of this section is

Theorem 4. If H is a Hilbert space of holomorphic functions in B, with a
nonzero Mébius invariant (semi-) inner product ( , ), then

f.g) = czaaéal%i,m

for some constant ¢ >0 and all f(z)=3_a,z*, g(z)=3_b,z" in H.

It follows from the above theorem that if H is an invariant Hilbert space of
holomorphic functions in B, , then

= {f(z) = Zaaza: Elaalzi—%lod < +oo} .

Thus H is unique. Moreover, the above theorem also implies that the inner
product in H is unique up to a positive multiple. The canonical inner product
in H is

(f,g)= a,b, 5 fal.

bufar
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It is not clear at all that the above inner product is Mobius invariant. This will
be proved in the next secton, thus establishing the existence of invariant Hilbert
spaces of holomorphic functions in B, .

In order to prove Theorem 4, it suffices to prove the following three equalities:

(1) (2%, ") =0 ifa#8,
2) (2, 2% = %(z'f", 2y,
(3) (2, 25 = k(z,, z,).

The constant ¢ in Theorem 4 is then (z,, z,).
The proof of (1) is almost trivial. Assume that o # f, then there exists some
1 <k < n such that o, # B, . We may as well assume o, # B, . Let U be the

unitary operator on C" defined by

i0
Uz, 25, ..., zn)=(z,e' s Zys s Zy)s

where 6 is any real number. Since H is invariant under %, , we must have
(2%, 2%y = (%o U, 2P o U) = " 7P (22 Py,
Since 6 is arbitrary and o, # B, , we must have (z°, zF )=0.
The proof of (3) is similar to that of Theorem 1 in [1]. We reproduce it here

for completeness.
Recall that for r € [0, 1),

r—z \/l—r,zz2 v1—r§z”
S e e A A A
1 1 1
The invariance of ( , ) gives (f, f) =(fog,, fop,) forall f in H. Let
f(z)=1-rz,, then

(foN=0,10)+rz, z,)
by (1) and

r—z, _l—rzl—r2+rz1 1-7

l-rz l—rz l—rz

fo(or(z)=1—r

Therefore,

2
2 1-r
(1»1)+r<21921)— <1_rzl’ 1_r21>

K,j=0
22%= 2k, k _k
=(1-r") Zr (zl,zl)
k=0
Pz, z,) - 2r(1, 1)

k k k—1 k—1 k-2 k=2, 2k
U 2 -2 AT e
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Since r € [0, 1) is arbitrary, we must have (1, 1) =0 and

(zf , z;‘) - 2(21(—l , zf_l) + (zlf_2 , zll(—z) 0, k>2.

Now it is easy to show by induction that

k k
(Z] s Z]) = k<21 s 21)

forall k=0,1,2,..., completing the proof of (3).
In order to prove (2), we need the following

Lemma S. Suppose k > 0 is an integer and A, (|a| = k) are complex numbers

such that
k! o a
D ot A, =]
|Ot|=k al. an.
forall t, +---+1t,=1and t;>0 (1<j<n), then 2, =1 forall |a| =
Proof. The assertion is clearly true for n = 1. We may as well assume that

n > 2. since
Zla} =
lal=k «

forall ¢, +---+1¢, =1, we have
S a0
o=k

forall £; +---+1¢,=1and ¢;>0 (1<;<n), where

_ lof! _
a —Er(la—l), |C!|—

a

For |a| =k and ¢, +---+1¢, =1, we can write

a a,
Z aatll“.tn

Jal=k
= Z aat"‘x .1, @y (1 -t == t,,_l)k_a'_”'_"‘n—u
ol =k
k
=(1—[l—..‘_tn—l)

It follows that

a x;" --«xa”‘,' =0
E e
lal=k

forall x, >0 (1 <j<n-1). This implies that a, = 0 (|a] = k). Hence
4, =1 for all |a| = k, completing the proof of Lemma 5. O

We can now prove the main equation (2).
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Fix any Kk > 1 and let U = (u,.j)nxn be any unitary matrix. We assume
that U acts on C" by the usual matrix multiplication Uz, where z € c" is
considered a column vector. It follows that

z,oU(z)=upz +-+u,z,.

Therefore, the invariance of ( , ) implies that

kK _k k k
(zy,z)) = (U z,+-+u,z 2 s (U 2, +otu,z,))

Ial' Iﬂl' a B, _B, ;
= Z Z “1i “1nuli' 'u1n<za’z )

laf= klﬂl—k

a 2 2
-Z (l |> g |7, | (2%, 2%

la|=k

Since U is unitary, we have |u“|2 +- 4+ Iul,,l2 = 1. Also U is arbitrary, thus

we have .
k _k al'\* a,, a _a
(zl , Zl)z Z <%> tll...tnn(z .z )
lal=k ~
forall £, +-+t,=1and t; >0 (1<j<n). Nowif (z{, z) = 0, then
clearly all (z%, z%) = 0 and so (f, f) =0 for all f € H, contradicting the
fact that ( , ) is nonzero. Thus (zf, z'l‘) # 0 forall k > 1. Now for any fixed
k>1,let
|z, z%)
A== R
al(zy, z})

!
= g,
laj=k
forall ¢;+---+¢,=1and t, >0 (1 <j<n). ByLemmas5,all 4, =1, thus

lof =

then

@ 2 = el 2.

This completes the proof of Theorem 4. O

4. THE EXISTENCE

By Theorem 4 in the last section, if H is an invariant Hilbert space of
holomorphic functions in B, with semi-inner product (,), then

(f, g —czaaﬁal i

forall f(z)=Y,a,z" and g(z) =Y, b,z* in H. The purpose of this section
is to show that

,Ial

(f,8) =) ab, ,Ial
~ |af!
is indeed a Mdbius invariant inner product.
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Theorem 6. Let H be the space of holomorphic functions f(z) =Y a, z* in
B, such that

2 al
};laa| |—aﬁ|a| < +o0.

Then H is a Mébius invariant Hilbert space with (semi-) inner product
- al
(f, 8= Zaabawlfﬂ
forall f(z)=%,a,z%, g(z)=%,b,2" in H.

Proof. Clearly H isa nontrivial Hilbert space and the polynomials are dense in
H . It only remains to show that its inner product is invariant under Aut(B,).
By Lemma 1, it suffices to prove the following identities:

(1) (foU,golU)=(f, g),

(2) (fow,,g00,)=(f,8),

forall f,g in Hand Ue%,, rel0,1).
In order to prove (1), we recall the homogeneous expansion of holomorphic
functions in B, . Suppose f Za a,z. Forany k >0, let

= Z a,z®,
o=k
then f, is a homogeneous polynomial of degree k, and

=Y fil2).
k=0

This is called the homogeneous expansion of f. It is easy to see that the homo-
geneous expansion of f is unique and invariant under linear transformations
of C". Thus if A4 is a linear transformation on C", then

(fod),=fiod.
In particular, for all U € %, , we have
(fo U)k = f;( oU.

Equation (1) of this section will be a consequence of the following
Lemma 7. For any f(z)=)_, aaz , 8(z)=%,b,2% in H, we have
; al (n+k)!
Zaaba ]! laf = Kk / fi(2) dv(z),

a =0
where dV is the normalized volume measure on B, .
Proof. Since the volume measure is rotation invariant, we have

/fk )8 (z)dV (z Zab/|z|dV(z).

o=k
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By 1.4.9(2) of [7],

1o
/ 2P dVi(z —""
B, (n+ |a|)!
Therefore,
dv(z) = Z Ma b
It follows that
= (n+k)!
kE nn'k' 'k / £(2)g(2)dV(z2)
= (n+k) nle! ¢
‘kgo k! Z ACET ol ba
=Z E ka b, ——Zl l'lala" »
k=0 |a|=k

and Lemma 7 is proved. O

Now equation (1) of this section follows from the above lemma and the facts
that homogeneous expansions are invariant under linear transformations and
the volume measure is invariant under unitary transformations of C".

In order to prove equation (2) of this section, take f, g€ H and r€[0, 1).
We have

(fop,,g00,) = <Za z °¢,,Eb z °¢,>
=3 ab,(" 0op .,z 0p).
B

So it suffices to prove

a (o3 O’ a#ﬂ’
(z%09,, 2’ 0p) =z ’Zﬂ>={ ol |af

a=p.
Note that
N A AL T A R G AN
92) = 1-rz, 1-rz, 1-rz, ’

When a; # ,Bj for some 2 < j<n, then

B
(z%09,,2"09,)=0
since no monomial in the Taylor expansion of z®o¢, is equal to any monomial

in the Taylar expansion of o @, (just looking at the powers of z j) . So we
may as well assume that

a=(a,a,...,a,), B=(B,ay,...,,).
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We will prove in this case that

0, a, # B,

a B
z » 2 = a a
(z op, °p,) {(z,z), o, = B,.

Let N=a,+ - +a,, then

a N 2 (r——z )al a a
ziop (z)=(-1)"(1-r")2 L 2.0 2%
()= (-0 1= T A
B
] N 1 ¥ (r—z)" . a,
z °¢,(Z)=(_1) (l—r)z(l—rzll)ﬂ“”v 22,
Let
(2= T2 SR
(1—rz)a*V &=
(r—z )'3l s k
G(z,) = L =Y dz,
( 1) (1 er)ﬂ]+N kz=(:) k<1
then

k=0
B QN = 5 Klay!--a)!
=(1-r) kzzock T kN

We first settle the cases N =0, 1.
When N =0, we have

(209, 0p) =3 ke d, = /DF'(zl)G'(z])dA(zl)
k=0

LR T[(R) e

A change of variable z, — ;=1 leads to

-r

(2%09,, 2 0p) = / () (") dA(z,)
D

—{0 ifal#ﬂl,
B a ifa, =8,
=(za,z'g)

for a, =---=a, =0. This is actually the one-dimensional result. See [1].
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When N =1, we have

[e ]
a 2 7
(Z 0¢r,Zﬂo¢r)=(1-—r)Zdek
k=0

. I i
By the change of variable l—’:‘—;—; —e'", we get

2n 2
a B 1 1—r i(a,— Bt
ziop ,z 0p )= — —_—e dt
(zo0, ?) 2n Jo 1+r*=2rcost

={0 if o, # B,
1 ifa, = B,
= (", %)
for a,+---+a,=1.
Now if N > 2, then
_ 2.N k'az
<Z 0¢r,2 0¢>—(l—r) kZO k(k+—]V)'(k+N)
anvepl el & k(N = 1)

=(1-r) (_N—:ﬁ'— 2 kdkm

By 1.4.9(2) of [7],
KI(N = 1)! =/ HRaviz)
B

(k+N-1) e
where dV is the normalized volume measure on B, _, . Therefore,
(z%0p,, 2" 0p)=(1-r) Na2 — i chJ/ Iz “Fav(z)
=(1-”°‘2 / F(z,)G(z,)dV (z).
By Lemma 3,

/B F(z,)G(z,)dV(z) = (N ~ l)/DF(zl)_G(zl)(l 2,V P dA(z,).

Thus

Tz \A
o ), __042!-~-an!/(r—zl M r—z \M
(Zev. 20l =gy W \To7z,) T2

=) - 1z)Y da(z)

L—rz, Y (1-|z,[)?

833
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Note that

(=" -1z (1 _

N
|1 —rz|

and the measure dA(z,)/(1 - |z, |2)2 is invariant under Mobius transformations
of D, thus a change of variable gives

a ), ! a, !/ 2N dA(z))
2%0p,, 20 0p)= 32— [ 2 128 — e
( v, ¢> (N 2) 1 l I II) (1_|Zl|2)2

Since the measure (1 — |z, |2 N=2 dA(z,) is rotation invairant, we have
2N=2 4
/Dzl 2V (1=|z,1")" "dA(z;)=0
if a; # B,. Thus

(z"0p,, 2" 0g,) =(z*, 2
if a#pB.1fa, =B, then a =B and
o a ay! - a! 2, 2 N-2
(00, 200 = Trgee [ 12,01 - 15,)" 7 daz,)
_a2!~~an!/l a, _ N-2
==/, t'(1—¢)" “dt.
Using the classical B-function and I'-function, we have

T(a, + DO(N —1) _ a,!/(N - 2)!
o, +N) (o, +N-DI

1
/ ' (1-0)"*dt =B(a, +1,N-1) =
0

Therefore,

..o}
Qa,: Q-

a a a! a a
(z7o0p,, 2z °¢,)—m—la—|!|a|—(z yZ0).
This completes the rpoof of Theorem 6. 0O

5. OTHER DESCRIPTIONS OF THE INVARIANT INNER PRODUCT

The results in this section are somewhat negative. We point out many other
ways of constructing the invariant inner product on the Dirichlet space & of
the open unit disc D. Then we show one-by-one that these constructions fail

in higher dimensions.
o= [f@FEdA

The Dirichlet pairing
is clearly an invariant inner product on the Dirichlet space & . Our problem
here is to try to find a natural analog of this inner product in higher dimensions.
As the first trial, one may be tempted to look at the pairing

f. ) = /B (V1(2), Vg(2))er dV(2).



MOBIUS INVARIANT HILBERT SPACES 835

where V f(z) is the complex gradient of f at z. This is indeed an inner
product, but it is easy to see that it is not invariant when n > 2.
Recall that the invariant Laplacian A of B, is defined by

Af(z) =A(f29,)(0),
where A is the usual Laplacian in C". A is invariant in the sense that
A(fo9)(z) = (Af) o p(2)
for all ¢ € Aut(B,). On the unit disc D,
~ 2,2 2
A(fP)(z) =41 - 121 f (2)

for all holomorphic functions f. It follows that
8o = [ Afo)2IK(z, 2)dA(2),

where K(z, w) is Bergman kernel of D:
1
Kz, w)= ———.
(z,w) (1-zw)?

The above inner product is invariant because A is invariant and the Bergman
kernel is invariant. Naturally we look at the generalization to B, :

(.8 = [ ArpK, DV,
where K(z, w) is the Bergman kernel of B, :

T T ey

The pairing is clearly Mébius invariant since both A and the Bergman kernel
are invairant. Unfortunately, when n > 2, the only holomorphic functions f
in B, with

/Aifl K(z,z)dV(z) < +o0

are the constant functions. See [8].
Let P be the Bergman projection defined by

Pf(z)=/B K(z, w)f(w)dV(w).

Given a function g € LZ(Bn , dV), the Hankel operator H g on the Bergman
space
2 2 . .
L (B, ={fe€L(B,,dV): f is holomorphic}
is defined by
H,f=(I-P)fg),
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where I is the identity operator on L? (B,,dV). Basic properties of Han-
kel operators can be found in [3-5]. Hankel operators depend on its symbol
invariantly, that is, if ¢ € Aut(B,), then

Heop = U, HU,

where U ) is the unitary operator on L2(Bn , dV) defined by
U,f(z) = J,(2)f(p(2)),

J,(2) is the complex Jacobian determinant of ¢ at z. It was shown in [3] that
if f is holomorphic in D, then H; is Hilbert-Schmidt iff f € & . Moreover,

<fa g)g = tr(H}Hg)

forall f, g in &, where tr denotes the trace of an operator. Once again, this
nice result does not generalize to higher dimensions. As shown in [8], when
n > 2, the only Hilbert-Schmidt Hankel operator H 7 with f holomorphic in
B, is the zero operator (when f is a constant).

The so-called Berezin transform is an invariant transform which has attracted
much attention lately in function theory and operator theory [4, 5]. We have a
brief discussion of it here because of its connection with invariant inner prod-
ucts.

Given a function f in L'(Bn, dv), let

~ 2
flz)= /B f(w)'—l%(z—z’% dv(w), z€B,.

The function f is called the Berezin transform of f (see [4, 5]). Clearly, ? =

f~ , and the reproducing property of K(z, w) gives f = f if f is holomorphic.
The invariance of the Bergman kernel K(z, w) implies the invariance of the
Berezin transform namely,

foo(z) = flo(2))

for all ¢ € Aut(B,).
Now consider the pairing

f. g) = /B (72(2) - F(2)E(2)K(z, 2)dV (2)

n

and the space

H,,={f: /B (I/P(2) - 1f(2)P)K (2, 2)dV(z) < +oo,

f holomorphic in Bn} .

Since the Berezin transform is invariant and the measure K(z, z)dV (z) is also
invariant, H, is an invariant space. It is also easy to see that %, acts on H,
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continuously, thus by Lemma 2, H, will be an invariant Hilbert space if H,
contains a nonconstant function.

When n = 1, we show that the function f(z) = z isin H,. In fact, for
f(z) =z in D, we have

(2) - 1f ) = /D fop () - f(2)FdAw) (see [4])

g

1-1z%)? 1 2
RGP [,ogl_lzlz_|z|].

zZ—-w
1-zZw

2
dA(w)

-2z

It follows that for f(z) =z in D,

—~ ~ 1 1 2
[P -1F DK, 2da@) = [ =5 |logr——s = 12| dd(z) < +oo.
D D |Z| 1 -]z
By the uniqueness of invariant Hilbert spaces, we must have & = H, and

f &)y / (72(2) - F(2)E(2)K(z, 2) dA(z),

where

c—/ ! {log ! 2—|z|2] dA(z)=1.
p|z|* 1-|z|

Once again this construction fails when n > 2. The proof is essentially con-
tained in [8].

Finally in this section, we describe a general method of constructing the
invariant inner product on the Dirichlet space & .

Suppose F is a positive continuous function defined on [0, +00). Consider
the pairing

/> 85 / / (f(2)~f(w))(8(2)-2 (W) [K(Z, w)*F(|p,(w)]) ¥ (z) dV (w).

Let p(z, w) = |p,(w)| be the pseudohyperbolic distance on B, . p isinvariant
in the sense that
p(p(2), p(w)) = p(z, w), ¢ € Aut(B)).

The invariance of K(z, w) and p implies that ( , ), is an invariant pairing;
that is,
(fop,gop)p=(f,8)F

for all f and g in the space
Hp ={f:(f, /) < +oo, f holomorphic}.

It is easy to check that #Z, acts on H, continuously. Thus by Lemma 2, H,
is an invariant Hilbert space of holomorphic functions in B, iff H. contains
a nonconstant function.
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Proposition 8. When n =1, we have & = H. iff fo V) log = dr < +oo.
Proof. By the above remarks, we have & = H,. iff z e H . First observe that

- / / £(2) = Fw)PIK(z, w)PF (g, (w)) dV(z)dV(w)

2
= [, Kz 21av(a) [ 1710~ St Fp,w)) e av ).

Since the real Jacobian determinent of ¢, at w is precisely |K(z, w)]2 /K(z, z)
(see 2.2.6 of [7]), a change of variable now gives

/Kz 2)dv(z /lfz) oo, w)PF(jw])dV(w
=/ Flw])dV(w) / 1£(2) - fop, (w)K(z, 2)dV(z).
B, B,

When n=1 and f(z) =z, we have

_ _w(l—|z)
thus
jw?
/|f ~fop.(w) K(z,z)dA(z):/——sz(z)=log .
p|l - zw| 1= |w]
Therefore,
/F lw|) log > dA(w)
I k
=2/ rF(r)log ! 5 dr
0 1—r

=/1F(\/7)loglira'r.

Hence & = H, iff z € H, iff [, F(\/7)log & dr < +oo. This completes the
proof of Proposition 8. O

Corollary 9. For any f holomorphic in D and F: [0, co) — (0, +00) continu-
ous, we have
/ /(2) = fw) (
3
p/p |l - zw|

= [1f P aac / (VP log

Note that when F =1, we have

! 1
/0 logl_rdr=

z -
1 —zw

D dA(z)dA(w)
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and so
//If—)ldA(z)dA /|f’ (2)[2dA(2)
1-zw|*

for any holomorphic function f in D. By choosing other special functions f,
we can obtain many other interesting integral formulae.

We remark that the above construction on D does not generalize to B, when
n > 2. Namely, when n > 2, the only way to make

/B /B 1£(2) = F)PIK(z, w)[*F (o, (w)) dV(2) AV (w) < +oo

is to choose f to be a constant or F identically zero. The argument is elemen-
tary and it reduces to showing that

/ Iz — o, (W)K(z, 2)dV(z) = +o0
B)n
for all n >2 and w # 0. The details are omitted here.

6. OTHER DESCRIPTIONS OF THE INVARIANT HILBERT SPACE

Although we have been unsuccessful in finding a simple intrinsic description
of the invariant inner product, there is a way of describing the invariant Hilbert
space in terms of the (generalized) radial derivative. What follows is essentially
suggested by the referee. The author thanks the referee for his useful comments.

Suppose f(z) is holomorphic in B, . The radial derivative of f is

If f(z)=),a,z", then it is easy to see that
= Z laja,z” .
a

Given any real number ¢, define an operator R’ on the space of holomorphic
functions in B, as follows:

t t
R (Zaaza> Y lalla,
a a#0
We can think of these operators as generalized radial derivatives.

Theorem 10. Suppose t > 5 and f(z) =Y a,z* is holomorphic in B, then

2 al
Zlaal ol la] < +00

if and only if
(1-12)*)R' f(2z) e L*(B,, d4),
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where

dv(z)

szr=Kw,ndVU)=ajngzn

is the Mébius invariant measure on B,.

Proof. Fix f(z) = 3_,a,z® holomorphic in B, . Since R'f(z) = ¥ |a['a z®
and (1 - |z|2)2' dA(z) is invariant under unitary transformations of C”, we
have

/ (= 2)IR () i)
=S lof"la,” [ (112112 i)
=Y laila, [ (1=l avz).
Using polar coordinates on B, (1.4.3 of [7]), we get

| a1z P av)

n

1
=2n/ r2n—1(1 _rz)zz—(n+1)r21a| a’r/ lwalzda(w),
0 8B,

where do is the normalized area measure on 9B, . By 1.4.9 of [7],

(n - 1)la!

a2
w |["do(w) = ———— |
/azznl o) = G T3 T
Using I'-functions, we have
1
2/ r2n—l(l _r2)21—(n+l)r2|a| dr
0

1
=/ tn—l(l_r)Zt—(n+l)r|a| dr
0

1
=/ rn+|a|—l(1_r)2t—n—1dr

0

_I(n+|a)l2t=n) (n+|a] - 1T (2t-n)
- y(|la] + 2¢) - I'(Ja| + 20) )
It follows that
_ nla!T(2t - n)

[ =1z vz -

n

I'(Ja| + 2¢)
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and

/B (1— |z R f(2) ] di(z)

=n!F(2t—n Zla || | TQT'F—Z[)

2t—1

al.|la
=nl'(2t - n) Zlal P |,| |'—|'Z||L—2t).

Stirling’s formula shows that
N
la|—=+00 I'(|a| + 2t)
Thus
[ =12 IR )P daz) < oo
B

n

if and only if
Zm 2 P ”|a|<+oo

completing the proof of Theorem 10. O

Corollary 11. If f(z) = 1 a,z® is holomorphic in B, , then Y, |aa|21§i-,|a| <
+oo if and only if
/ IRV 2012 4V (2) < +00.
B'l

Finally we point out that it is also possible to characterize the invariant
Hilbert space in terms of the (generalized) radial derivative on the boundary
of B, . In fact, the referee computed that for f(z) =Y~ a_z® holomorphic in

B,, ¥, la,*lal < +oo if and only if
/ IR"? f(w))* do(w) < +0o.
o8,

The proof is similar to that of Theorem 10, we omit the details here.

Note added in proof. After the present paper was accepted for publication,
the author was informed that Jaak Peetre obtained essentially the same results
(uniqueness and existence) in 1984 in an unpublished manuscript. However,
Peetre’s method was quite different from the computational approach here.
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